
Вісн. Одес. держ. екол. унів., 2015, №19 

  

PACS numbers: 87.23._n , 89.60._k , 07.88._y 
 

FORECASTING EVOLUTIONARY DYNAMICS OF CHAOTIC SYSTEMS USING ADVANCED  
NON-LINEAR PREDICTION AND NEURAL NETWORKS METHODS: APPLICATION TO  

HYDROECOLOGICAL SYSTEM POLLUTION DYNAMICS  
 

O.Yu. Khetselius, Dr. Sci. (Phys.-Math.) 
 

Odessa State Environmental University, 15, Lvivska St.,  
65016 Odessa, Ukraine, okhetsel@gmail.com 

 

We present an improved generalized approach to the analysis and prediction of the nonlinear dynamics of 
chaotic systems based on the methods of nonlinear analysis and neural networks. As the object of study are 
the hydroecological systems (pollution dynamics). Use of the information about the phase space in the simu-
lation of the evolution of the physical process in time can be considered as a major innovation in the model-
ing of chaotic processes in the hydroecological systems. This concept can be achieved by constructing a pa-
rameterized non-linear function F (x, a), which transform y (n) to y(n+1) = F[y(n),a], and then use different 
criteria for determining the parameters a . Firstly to build the desired functions it is offered using the wavelet 
expansions. Further, since there is the notion of local neighborhoods, we can create a model of the process 
occurring in the neighborhood, at the neighborhood and by combining together these local models to con-
struct a global non-linear model to describe most of the structure of the attractor.  

Key words:  hydroecological systems, the ecological state, time series of concentrations, pollutants, 
analysis and prediction methods of the theory of chaos. 

 
 

 
1. INTRODUCTION 

 

 One of the most actual and important problem of the 
applied ecology, hydroecology and environment protec-
tion is connected with correct quantitative description of 
pollution dynamics in different ecological and hy-
droecological systems.  Naturally, the problem concerns 
as different spatial as  temporal scale levels [1-20]. As an 
example of problems whose solution lies in the problems 
considered in the article, it should be noted the analysis 
and prediction of the influence of anthropogenic impact 
on the water resources, river’s systems and generally 
specking hydroecological systems. Earlier it has been  
considered in details (see [1,14,18-20]) a problem of 
using special mathematical technique for analysis and 
prediction of the influence of anthropogenic impact on the 
atmosphere of the industrial city , the development of 
adequate schemes modeling the properties of the fields of 
concentration of the air basin industrial city [10]. As it has 
been indicated in Ref. [1] naturally, the task list for study-
ing the dynamics of complex systems is not limited to the 
above examples. It is not difficult to understand that ex-
amples of such systems are the atmosphere, turbulent 
flows in a variety of environments, physical and chemical 
systems, biological populations, and finally, the society as 
a communication system and its subsystems: economic, 
political and other social systems [1-10].  

Most important, the fundamental issue in the descrip-
tion of the dynamics of the system is its ability to forecast 
its future evolution, i.e. predictability of behavior. Re-
cently (see Refs.[1-16])  the theory of dynamical systems 
is intensively developed,  and, in particular, speech is 
about the application of methods of the theory to the 
analysis of complex systems that provide description of 
their evolutionary dynamics by means solving system of 
differential equations. If the studied system is more com-
plicated then the greater the equations is necessary for its 

adequate description. Even microscopic deviation be-
tween the two systems at the beginning of the process of 
evolution leads to an exponential accumulation of errors 
and, accordingly, their stochastic divergence (as a result, 
the inability to accurately predict changes in meteorology 
forecast for a sufficiently long period of time). During the 
analysis of the observed dynamics of some characteristic 
parameters of the systems over time it is difficult to say to 
what class belongs to the system and what will be its 
evolution in the future.  

In recent years for the analysis of time series of fun-
damental dynamic parameters  there are with varying 
degrees of success developed and implemented a variety 
of methods, in particular, the nonlinear spectral and trend 
analysis , the study of Markov chains, wavelet and multi-
fractal analysis, the formalism of the matrix memory and 
the method of evolution propagators etc (see Ref. 
[1,15,16,18-20]). Most of the cited approaches are  de-
fined as the methods of a chaos theory and stochastic 
dynamical systems. In the latter methods have been de-
veloped that allow for the recording of time series of one 
of the parameters to recover some dynamic characteristics 
of the system. In recent years a considerable number of 
works, including an analysis from the perspective of the 
theory of dynamical systems and chaos, fractal sets, is 
devoted to time series analysis of geophysical characteris-
tics, environmental, etc. systems [1-10]. In a series of 
papers [10-18] the authors have attempted to apply some 
of these methods in a variety of environmental and hy-
drodynamic problems.  

In this work, using the preliminary results [1,18] (see 
also Refs. [14,19,20]) we present an improved generalized 
approach to the analysis and prediction of the nonlinear 
dynamics of chaotic systems based on the methods of 
nonlinear analysis and neural networks. As the object of 
study are the hydroecological systems (pollution dynam-
ics). Use of the information about the phase space in the 
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simulation of the evolution of the physical process in time 
can be considered as a major innovation in the modeling 
of chaotic processes in the hydroecological systems. This 
concept can be achieved by constructing a parameterized 
non-linear function F (x, a), which transform y (n) to 
y(n+1) = F[y(n),a], and then use different criteria for 
determining the parameters a . Firstly to build the desired 
functions it is offered using the wavelet expansions. Fur-
ther, since there is the notion of local neighborhoods, we 
can create a model of the process occurring in the 
neighborhood, at the neighborhood and by combining 
together these local models to construct a global non-
linear model to describe most of the structure of the at-
tractor. 
 
2. METHOD  
 
2.1 Basic idea and construction of the model predic-

tion for hydroecological system 
 

The basic idea of the construction of our approach to 
prediction of chaotic properties of complex systems has 
been considered earlier (see, for example Ref. [1,18]) and 
following to these papers, it is in the use of the traditional 
concept of a compact geometric attractor in which evolves 
the measurement data, plus the implementation of neural 
network algorithms. Earlier this approach has been devel-
oped and used in problem of description of the dynamics 
of atmospheric systems such as air basein pollution pollu-
tion of industrial city. Here we consider the hydroecologi-
cal system, more exactly, the corresponding pollution 
dynamics. Shortly the analogous example has been con-
sidered in Ref. [1], namely, speech was about the dynam-
ics of the nitrates  concentrations in the Small Carpathians 
river’s watersheds.  

As the basis idea is remained the same, we shortly 
give it following to ref.[1,18]. The meaning of the concept 
is in fact a study of the evolution of the attractor in the 
phase space of the system and, in a sense, modeling 
("guessing") time-variable evolution.. From a mathemati-
cal point of view, it is a fact that in the phase space of the 
system an orbit continuously rolled on itself due to the 
action of dissipative forces and the nonlinear part of the 
dynamics, so it is possible to stay in the neighborhood of 
any point of the orbit y (n) other points of the orbit yr (n), 
r = 1, 2, ..., NB, which come in the neighborhood y (n) in a 
completely different times than n.  

Of course, then one could try to build different types 
of interpolation functions that take into account all the 
neighborhoods of the phase space and at the same time 
explain how the neighborhood evolve from y (n) to a 
whole family of points about y (n+1).  

Use of the information about the phase space in the 
simulation of the evolution of some geophysical (envi-
ronmental, etc.) of the process in time can be regarded as 
a fundamental element in the simulation of random proc-
esses. In terms of the modern theory of neural systems, 
and neuro-informatics (e.g. [11]), the process of modeling 
the evolution of the system can be generalized to describe 
some evolutionary dynamic neuro-equations (miemo-
dynamic equations).  

Imitating the further evolution of a complex system as 
the evolution of a neural network with the corresponding 
elements of the self-study, self- adaptation, etc., it be-
comes possible to significantly improve the prediction of 
evolutionary dynamics of a chaotic system. Considering 
the neural network (in this case, the appropriate term 
"geophysical" neural network) with a certain number of 
neurons, as usual, we can introduce the operators Sij syn-
aptic neuron to neuron ui uj, while the corresponding 
synaptic matrix is reduced to a numerical matrix strength 
of synaptic connections: W = | | wij | |. The operator is 
described by the standard activation neuro-equation de-
termining the evolution of a neural network in time: 
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where 1< i <N. Here it is important for us another 
proven fact related to information behavior neuro-
dynamical system. From the point of view of the theory of 
chaotic dynamical systems, the state of the neuron (the 
chaos-geometric interpretation of the forces of synaptic 
interactions, etc.) can be represented by currents in the 
phase space of the system and its the topological structure 
is obviously determined by the number and position of 
attractors. To determine the asymptotic behavior of the 
system it becomes crucial information aspect of the prob-
lem, namely, the fact of being the initial state to the basin 
of attraction of a particular attractor. Modeling each geo-
physical attractor by a record in memory, the process of 
the evolution of neural network, transition from the initial 
state to the (following) the final state is a model for the 
reconstruction of the full record of distorted information, 
or an associative model of pattern recognition is imple-
mented.  The domain of attraction of attractors are sepa-
rated by  separatrices or certain surfaces in the phase 
space. Their structure, of course, is quite complex, but 
mimics the chaotic properties of the studied object. Then, 
as usual, the next step is a natural construction parameter-
ized nonlinear function F (x, a), which transforms:   

 

y(n)      y(n + 1) = F(y(n), a),  (2) 
 

and then to use the different ( including neural net-
work) criteria for determining the parameters a (see be-
low). The easiest way to implement this program is in 
considering the original local neighborhood, enter the 
model(s) of the process occurring in the neighborhood, at 
the neighborhood and by combining together these local 
models, designing on a global nonlinear model. The latter 
describes most of the structure of the attractor.  

Although, according to a classical theorem by Kolmo-
gorov-Arnold -Moser, the dynamics evolves in a multidi-
mensional space, the size and the structure of which is 
predetermined by the initial conditions, this, however, 
does not indicate a functional choice of model elements in 
full compliance with the source of random data. One of 
the most common forms of the local model is the model 
of the Schreiber type [3] (see also [10]).  

    Nonlinear modeling of chaotic processes is based 
on the concept of a compact geometric attractor, which 
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evolve with measurements. Since the orbit is continually 
folded back on itself by the dissipative forces and the non-
linear part of the dynamics, some orbit points yr(k), 
r = 1, 2, …, NB can be found in the neighbourhood of any 
orbit point y(k), at that the points yr(k) arrive in the 
neighbourhood of y(k) at quite different times than k. 
Then one could build the different types of interpolation 
functions that take into account all the neighborhoods of 
the phase space, and explain how these neighborhoods 
evolve from y (n) to a whole family of points about y (n + 
1). Use of the information about the phase space in mod-
eling the evolution of the physical process in time can be 
regarded as a major innovation in the modeling of chaotic 
processes. This concept can be achieved by constructing a 
parameterized nonlinear function F (x, a), which trans-
form y (n) to y (n + 1) = F (y (n), a), and then using dif-
ferent criteria for determining the parameters a. Further, 
since there is the notion of local neighborhoods, one could  
create a model of the process occurring in the neighbor-
hood, at the neighborhood and by combining together 
these local models to construct a global nonlinear model 
that describes most of the structure of the attractor. 

      As shown Schreiber [3], the most common form of 
the local model is very simple  
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where  n - the time period for which a forecast has to 
be done.  

The coefficients , may be determined by a least-

squares procedure, involving only points s(k) within a 
small neighbourhood around the reference point. Thus, 
the coefficients will vary throughout phase space. The fit 
procedure amounts to solving (dA + 1) linear equations for 
the (dA + 1) unknowns.  

)(k
ja

When fitting the parameters a, several problems are 
encountered that seem purely technical in the first place 
but are related to the nonlinear properties of the system. If 
the system is low-dimensional, the data that can be used 
for fitting will locally not span all the available dimen-
sions but only a subspace, typically. Therefore, the linear 
system of equations to be solved for the fit will be ill 
conditioned.  

However, in the presence of noise the equations are 
not formally ill-conditioned but still the part of the solu-
tion that relates the noise directions to the future point is 
meaningless . Note that the method presented here is not 
only because, as noted above, the choice of fitting 
requires no knowledge of physics of the process itself. 
Other modeling techniques are described, for example, in 
[3,10]. 
 
2.2 Wavelets for construction of model prediction for 

hydroecological system  
 

It is well known that the wavelets are fundamental 
building block functions, analogous to the sine and cosine 
functions [22]. Fourier transform extracts details from the 
signal frequency, but all information about the location of 

a particular frequency within the signal is lost. At the 
expense of their locality the wavelets have advantages 
over Fourier transform when non-stationary signals are 
analyzed [22-26]. Here, we use non-decimated wavelet 
transform that has temporal resolution at coarser scales. 

      The dilation and translation of the mother wavelet 
(t) generates the wavelet as follows 

 

 j,k(t) = 2j/2(2jt – k).  
 

The dilation parameter j controls how large the wave-
let is, and the translation parameter k controls how the 
wavelet is shifted along the t-axis. For a suitably chosen 
mother wavelet (t), the set {j,k}j,k provides an orthogo-
nal basis, and the function f which is defined on the whole 
real line can be expanded as 
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where the maximum scale J is determined by the 
number of data, the coefficients c0k represent the lowest 
frequency smooth components, and the coefficients djk 
deliver information about the behavior of the function f 
concentrating on effects of scale around 2–j near time k × 
2–j. This wavelet expansion of a function is closely related 
to the discrete wavelet transform (DWT) of a signal ob-
served at discrete points in time.  

In practice, the length of the signal, say n, is finite and, 
for our study, the data are available monthly, i.e. the func-
tion s(t) in Eq. (3) is now a vector f = (f(t1),…, f(tn)) with ti 
= i/n and i = 1,…,n. With these notations, the DWT of a 
vector f is simply a matrix product d = Wf, where d is an n 
× 1 vector of discrete wavelet coefficients indexed by 2 
integers, djk, and W is an orthogonal n × n matrix associ-
ated with the wavelet basis.  

For computational reasons, it is simpler to perform the 
wavelet transform on time series of dyadic (power of 2) 
length. One particular problem with DWT is that, unlike 
the discrete Fourier transform, it is not translation invari-
ant. This can lead to Gibbs-type phenomena and other 
artefacts in the reconstruction of a function. The non-
decimated wavelet transform (NWT) of the data (f(t1), …, 
f(tn)) at equally spaced points ti = i/n is defined as the set 
of all DWT's formed from the n possible shifts of the data 
by amounts i/n; i = 1, …, n.  

Thus, unlike the DWT, there are 2j coefficients on the 
jth resolution level, there are n equally spaced wavelet 
coefficients in the NWT 
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k = 0, …, n–1,  
 

on each resolution level j. This results in log2(n) coef-
ficients at each location. As an immediate consequence, 
the NWT becomes translation invariant. Due to its struc-
ture, the NWT implies a finer sampling rate at all levels 
and thus provides a better exploratory tool for analyzing 
changes in the scale (frequency) behavior of the underly-
ing signal in time. These advantages of the NWT over the 
DWT in time series analysis are demonstrated in [21]. As 
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in the Fourier domain, it is important to assess the power 
of a signal at a given resolution. An evolutionary wavelet 
spectrum (EWS) quantifies the contribution to process 
variance at the scale j and time k. From the above para-
graphs, it is easy to plot any time series into the wavelet 
domain. Another way of viewing the result of a NWT is 
to represent the temporal evolution of the data at a given 
scale. This type of representation is very useful to com-
pare the temporal variation between different time series 
at given scale. To obtain the results, smooth signal S0 and 
the detail signals Dj (j =1, …, J) are  
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The fine scale features (high frequency oscillations) 
are captured mainly by the fine scale detail components 
DJ and DJ–1. The coarse scale components S0, D1, and D2 
correspond to lower frequency oscillations of the signal. 
Note that each band is equivalent to a band-pass filter. 
Further one could use the Daubechies wavelet as mother 
wavelet. This wavelet is bi-orthogonal and supports dis-
crete wavelet transform. Furthermore, formally the neural 
network algorithm is launched, in particular, in order to 
make training  the neural network system equivalent to 
the reconstruction and interim forecast the state of the 
neural network (respectively, adjusting the values of the 
coefficients).  
 
3. CONCLUSSIONS 

 

Here we have considered an new approach to 
nonlinear modeling and prediction of chaotic processes in 
hydroecological (pollution dynamics)  systems which is 
based on two key functional elements. Besides using 
other elements of starting chaos theory method the 
proposed approach includes the application of the concept 
of a compact geometric attractor, and one of the neural 
network algorithms, or, in a more general definition of a 
model of artificial intelligence. The starting point is a 
formal knowledge of the time series of the main dynamic 
parameters of a chaotic system, and then to identify the 
state vector of the matrix of synaptic interactions | | wij | | 
etc. The  main difficulty here lies in the implementation 
of the process of learning neural network to simulate the 
complete process of change in the topological structure of 
the phase space of the system and use the output results of 
the neural network to adjust the coefficients of the 
function display. The meaning of the latter is precisely the 
application of neural network to simulate the evolution of 
the attractor in phase space, and training most neural 
network to predict (or rather, correct) the necessary 
coefficients of the parametric form of functional display. 
As alternative and addition simultaneously, one should 
use our proposal at first to use the wavelet expansion for 
construction of the parametrized model prediction 
functions. In any case these alternative should be checked 

at concrete modelling examples, namely, reproducing 
time pollution dynamics in the concrete hydroecological 
systems. 
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ПРОГНОЗИРОВАНИЕ ЭВОЛЮЦИОННОЙ ДИНАМИКИ ХАОТИЧЕСКИХ СИСТЕМ НА ОСНОВЕ  

МЕТОДОВ НЕЛИНЕЙНОГО АНАЛИЗА И НЕЙРОННЫХ СЕТЕЙ:  ПРИЛОЖЕНИЕ  
К ДИНАМИКЕ ЗАГРЯЗНЕНИЯ ГИДРОЭКОЛОГИЧЕСКИХ СИСТЕМ 

 

О.Ю. Хецелиус, д-р ф.-м. н., проф.  
 

 Одесский государственный экологический университет, 
 ул. Львовская,15 , 65016, Одесса, Украина , okhetsel@gmail.com 

  
     Развивается усовершенствованный обобщенный подход к анализу и прогнозированию нели-

нейной динамику хаотических систем, основанный на методах нелинейного анализа и нейронных се-
тей. В качестве объекта исследования выступают гидроэкологические системы (временная динамика 
загрязнения). Использование информации о фазовом пространстве при моделировании эволюции фи-
зического процесса во времени может рассматриваться в качестве основного новшества в моделиро-
вании хаотических процессов применительно к гидроэкологическим системам.  В рамках метода не-
линейного анализа и концепции геометрического аттрактора оказывается возможным построение  
различных типов интерполяционных функций, которые принимают во внимание все окрестности фа-
зового пространства, и объяснение эволюции фазовой траектории. В конкретной реализации речь идет 
о построении параметризированной  нелинейной функции F (x, a), которые преобразуют y (n) в 
y(n+1)= F[y(n),a] с последующим определением параметров а на основе концепции экстремума и до-
полнительно нейросетевого метода.  Впервые для построения искомых функций предлагается исполь-
зование вейвлет разложений. Возможным оказывается построение локальных моделей прогноза, опи-
сывающих эволюцию системы в окрестности некой области фазового пространства с последующим 
объединением локальных моделей в глобальную модель прогноза эволюции хаотического аттарактора 
системы.  

Ключевые слова: гидроэкологические системы, нелинейный анализ, нейронные сети, временные 
ряды концентраций, загрязняющие вещества, прогнозирование 

 
 

ПРОГНОЗУВАННЯ ЕВОЛЮЦІЙНОЇ ДИНАМІКИ ХАОТИЧНИХ СИСТЕМ НА ОСНОВІ 
МЕТОДІВ НЕЛІНІЙНОГО АНАЛІЗУ І НЕЙРОННИХ МЕРЕЖ: ЗАСТОСУВАННЯ  

ДО ДИНАМІКИ ЗАБРУДНЕННЯ ГІДРОЕКОЛОГІЧНИХ СИСТЕМ 
 

О.Ю. Хецеліус, д-р ф.-м. н., проф.  
 

 Одеський державний екологічний університет,  
вул. Львівська, 15, 65016 Одеса, Україна, okhetsel@gmail.com 

  
Розвивається вдосконалений узагальнений підхід до аналізу та прогнозування нелінійної динаміки 

хаотичних систем, заснований на методах нелінійного аналізу і нейронних мереж. В якості об'єкта до-
слідження виступають гідроекологічні системи (часова динаміка забруднення). Використання інфор-
мації про фазовий простір при моделюванні еволюції фізичного процесу в часі може розглядатися в 
якості основного нововведення в моделюванні хаотичних процесів стосовно до гідроекологічних сис-
тем. В рамках методу нелінійного аналізу та концепції геометричного атрактору виявляється можли-
вим побудова різних типів інтерполяційних функцій, які беруть до уваги всі околиці фазового просто-
ру, і пояснення еволюції фазової траєкторії. У конкретної реалізації мова йде про побудову параметрі-
зованих нелінійних функцій  F (x, a), які перетворюють y (n) в y (n + 1) = F [y (n), a] з наступним ви-
значенням параметрів а на основі концепції екстремуму і додатково нейросетевого методу.  Вперше 
для побудови шуканих функцій пропонується використання вейвлет розкладань. Можливим виявля-
ється побудова локальних моделей прогнозу, що описують еволюцію системи в околиці деякої області 
фазового простору з наступним об'єднанням локальних моделей в глобальну модель прогнозу еволю-
ції хаотичного атарактору системи. 

Ключові слова: гідроекологічні системи,  нелінійний аналіз, нейронні мережі, часові ряди конце-
нтрацій, забруднюючі речовини, прогнозування 
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